Spherical Coordinates

In the examples considered so far, Cartesian coordinates were clearly appropriate, since the
boundaries were planes. For round objects spherical coordinates are more natural. In the
spherical system, Laplace’s equation reads:
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I shall assume the problem has azimuthal symmetry, so that V is independent of ¢; in
that case Eq. 3.53 reduces to

a% (;'2 ‘;Y) + Siig ;g (sine%) = 0. (3.54)
As before, we look for solutions that are products:
V(r,0) = R(r)©(9). (3.55)
Putting this into Eq. 3.54, and dividing by V,
-115;? (ﬂ%) +3 Slin 5 % (sin ejg)) = 0. (3.56)

Since the first term depends only on r, and the second only on 6, it follows that each must
be a constant:
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Here [ (I + 1) is just a fancy way of writing the separation constant—you’ll see in a minute
why this is convenient.

As always, separation of variables has converted a partial differential equation (3.54)
into ordinary differential equations (3.57). The radial equation,
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has the general solution

B

as you can easily check; A and B are the two arbitrary constants to be expected in the
solution of a second-order differential B(]letlQl'l But the angular equation,

d de
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is not so simple. The solutions are Legendre polynomials in the variable cos 6:
®B) = Bg(cosé?). 3.61)

Py(x) is most conveniently defined by the Rodrigues formula:

d [
P(x) = — (d—x) (x2 =1y, (3.62)

The first few Legendre polynomials are listed in Table 3.1.

-Po(.x) = 1

Pi(x) = x

P(x) = (3x*—1))2

Pix) = (5x°—3x)/2

Pix) = (35x* —30x2 +3)/8
Ps(x) = (63x°—70x* 4 15x)/8

Table 3.1 Legendre Polynomials

Notice that P;(x) is (as the name suggests) an /th-order polynomial in x; it contains only
even powers, if [ is even, and odd powers, if [ is odd. The factor in front (1/ 211 was chosen
in order that

P =1. (3.63)



The Rodrigues formula obviously works only for nonnegative integer values of /. More-
over, it provides us with only one solution. But Eq. 3.60 is second-order, and it should pos-
Sess two independent solutions, for every value of [. It turns out that these “‘other solutions”

blow up at # = 0 and/or & = 7, and are therefore unacceptable on physical grounds.® For
instance, the second solution for!/ =0 is

@) =In (tan g) . (3.64)

You might want to check for yourself that this satisfies Eq. 3.60.

In the case of azimuthal symmetry, then, the most general separable solution to Laplace’s
equation, consistent with minimal physical requirements, is

B
Vr,6) = (Ar’ + rm) Pi(cos@).

(There was no need to include an overall constant in Eq. 3.61 because it can be absorbed into
A and B at this stage.) As before, separation of variables yields an infinite set of solutions,
one for each /. The general solution is the linear combination of separable solutions:

oo

B,
Vir,06) = Z (Agrf + ﬁ) Pr(cos6). (3.65)

=0

Example 3.6

The potential V((0) is specified on the surface of a hollow sphere, of radius R. Find the
potential inside the sphere.

Solution: In this case B; = 0 for all /—otherwise the potential would blow up at the origin.
Thus,

o0
V(r.0) = ) A Pcos). (3.66)
=0

At r = R this must match the specified function V(6):



o0
V(R,0) =) AR Pi(cost) = Vy(9). (3.67)
=0

Can this equation be satisfied, for an appropriate choice of coefficients A;? Yes: The Legendre
polynomials (like the sines) constitute a complete set of functions, on the interval —1 < x <1

(0 < 8 < w). How do we determine the constants? Again, by Fourier’s trick, for the Legendre
polynomials (like the sines) are orthogonal functions:”

1 i 4
/ Pix)Pp(x)dx = f Pi(cos 0) Py (cos8)sin6 dO
-1 0
0, it £1,
= 3.68)
2 (
e ifl' =1.
2141
Thus, multiplying Eq. 3.67 by Py (cos 8) sin 6 and integrating, we have
ARl =2 /RV(HP( 6) sin 6 d6
r — {COS S
R s =), Vo )Py in6 do,
. A41 (7
A = Lff Vo(6) Pj(cos @) sin6 d6. (3.69)
2R Jo
Equation 3.66 is the solution to our problem, with the coefficients given by Eq. 3.69.
In can be difficuit to evaluate integrals of the form 3.69 analytically, and in practice it is often
easier to solve Eq. 3.67 “by eyeball."10 For instance, suppose we are told that the potential on
the sphere is
Vo (@) = ksin(6/2), (3.70)
where k is a constant, Using the half-angle formula, we rewrite this as
k k
Vo(9) = 2 (1 —cosb) = E[Pg(cos@) — Py{cos8)].
Putting this into Eq. 3.67, we read off immediately that Ay = k/2, Ay = —k/(2R), and all
other A;’s vanish. Evidently,
1
Vir,0) = ; |:rUPg(cos(a‘) — %Pl(cosﬁ)] = g (1 — %CDSQ) . (3.71)



Example 3.7

The potential Vy(0) is again specified on the surface of a sphere of radius R, but this time we
are asked to find the potential outside, assuming there is no charge there.

Solution: In this case it’s the A;’s that must be zero (or else V would not go to zero at 00), so
V(6= 7 Pr(cos6). (3.72)
‘=0

At the surface of the sphere we require that

o0 B{
V(R.O)=)_ 7 Pr(cos ) = Vo(6).
=0

Multiplying by Py (cos &) sin @ and integrating—exploiting, again, the orthogonality relation
3.68—we have

Bi'r 2 st .
R 11 —j;] Vo(6) Py (cos 0) sin6 d6.
or
21 iy
B; = —;RH_]/ Vo(6) Pi(cos6)sind db. (3.73)
0

Equation 3.72, with the coefficients given by Eq. 3.73, is the solution to our problem.
Example 3.8

Anuncharged metal sphere of radius R is placed in an otherwise uniform electric field E = Ez.
[The field will push positive charge to the “northern” surface of the sphere, leaving a negative
charge on the “southern” surface (Fig. 3.24). This induced charge, in turn, distorts the field in
the neighborhood of the sphere.] Find the potential in the region outside the sphere.

Solution: The sphere is an equipotential—we may as well set it to zero. Then by symmetry
the entire xy plane is at potential zero. This time, however, V does not go to zero at large z.
In fact, far from the sphere the field is Ez, and hence

Vo> —Egz+C.



Figure 3.24

Since V = 0 in the equatorial plane, the constant C must be zero. Accordingly, the boundary
conditions for this problem are

(i) V=0 whenr =R,
Gi) V — —Egrcosé  forr > R. (3.74)
We must fit these boundary conditions with a function of the form 3.65.
The first condition yields
B
I I
AR RI+1 0,
or
By = —A;RYH1, (3.75)
SO

For r > R, the second term in parentheses is negligible, and therefore condition (ii) requires
that

o0
Z Agrng(cos 6) = —Egrcos6.
=0



Evidently, only one term is present: [ = 1. In fact, since Pj(cos#) = cos#, we can read off

immediately
A = —Ep, all other A;’s zero.
Conclusion:
R3
V(ir,0) =—-Eyglr— — | cos g. (3.76)
¥

The first term (— Epr cos @) is due to the external field: the contribution attributable to the

induced charge is evidently
R3
Ey —5 €0 .
r

If you want to know the induced charge density, it can be calculated in the usual way:

R3
= ¢y Ey 1—|—2—3 cos @
r=R r

As expected, it is positive in the “northern” hemisphere (0 < 6 < m/2) and negative in the
“southern” (/2 <6 < ).

aVv

o(f)=— éoa—r = 3egEgcosb. (3.77)

r=R

Example 3.9

A specified charge density o (6) is glued over the surface of a spherical shell of radius R. Find
the resulting potential inside and outside the sphere.

Solution: You could, of course, do this by direct integration:

1
V=—- U-—Oda,
4meg 2

but separation of variables is often easier. For the interior region we have

o0
Vr8) =) Ap'Plcosd) (r<R) (3.78)
=0

(no B; terms—they blow up at the origin); in the exterior region

oo
Vr,0) = Z %Pg(cos & (r=R) (3.79)
1=0



{no A; terms—they don’t go to zero at infinity). These two functions must be joined together
by the appropriate boundary conditions at the surface itself. First, the potential is continuous

atr = R (Eq. 2.34):

o0 o0 B;
[Z AjR'P(cosf) =) a1 Pr(cos6). (3.80)
=0 =0

It follows that the coefficients of like Legendre polynomials are equal:
B, = A R¥ T (3.81)
(To prove that formally, multiply both sides of Eq. 3.80 by Py (cos @) sin & and integrate from

0 to m, using the orthogonality relation 3.68.) Second, the radial derivative of V suffers a
discontinuity at the surface (Eq. 2.36):

( 3 Vout Vi
ar ar

|
= ——0¢(0). (3.82)
r=R €0

Thus

> B i 1
~Yu+ 1)—ijpf(cos 6) — Y 1AIR" Pi(cos8) = ——a(6),
1=0 R 1=0 €0

or, using Eq. 3.81:

o0
1

S @1+ AR T Pi(cos ) = —a0(6). (3.83)
0

=0

From here, the coefficients can be determined using Fourier’s trick:
| T _ .
AE = E;)Fj; O’O((")P]{COSH} sin@ do. {384)

Equations 3.78 and 3.79 constitute the solution to our problem, with the coefficients given by
Eqgs. 3.81 and 3.84.

For instance, if

50(0) = k cos8 = k Py(cosb), (3.85)

for some constant &, then all the A;’s are zero except for/ = 1, and

A k fnlp (cos8)]* sin8 db k
= — Sin = —
L 260 0 1 360



The potential inside the sphere is therefore

k
V(r,8) = —rcos6 (r <R), (3.86)
3ep
whereas outside the sphere
kR3 1
Vir,8) = — — cos@ (r > R). (3.87)
3eg r2
R3
E0—2 cosé,
r

consistent with our conclusion in Ex. 3.8.

Problem 3.18 The potential at the surface of a sphere (radius R) is given by
Vo = kcos 36,

where k is a constant. Find the potential inside and outside the sphere, as well as the surface
charge density o (¢) on the sphere. (Assume there’s no charge inside or outside the sphere.)

SOLUTION :

Kita uraikan fungsi sinus menjadi

Vo(8) = kcos(36) = k [4cos® @ — 3cos ] = k [aPs(cos) + BPy(cosh)) .

Kita peroleh
3 1 3 S 4 3
4c0s” @ — 3cosf = a > (5cos® @ — 3cosf) | + Bcosh = 5~ cos 0+ (06— 5% cos 8,

Sehingga

Dengan demikian



> Air'P(cosf), forr <R (Eq.3.66)
Vir,g)={ ‘=2 B,
> i Plcosd), forr 2R (Eq. 3.71)

=0
Dimana

A = %{l/%(G)H(COSO)sinGdO (Eq. 3.69)
0

@+1)k
2R' 5

{8/P3(cos0)P,(cose) sin0d0—3/P1(cosa)P,(c059) sin0d0}
0 0

k(20 +1) 2 2 k1
5 2R! {8(2z+1)‘5‘3‘3(2z+1)5“}‘5ﬁ
_ f 8k/5R®, ifl=3

-3k/5R, ifl=1

[8 613 — 3d1]

} (zero otherwise).

T
Ang‘Vzpil =L Vo (6) Py (cos §) sin 6 d6,
. NA+1 7
A = ;i[ Vo(6) Pi(cos0)sin6 d6. (3.69)
2R Jo

Dengan demikian

r

V(r,8) = —ﬁrPx (cos8) + ir‘”’Pg(cosO) = g [8 (1)3 P;(cosf) — 3 (R) Py (cos 9)] "

5R 5R3 R

Atau

k r\31 3 r _kr r\2 2

5{8 (ﬁ) 5 [5cos® 6 — 3cosf] — 3 (E) cos0} =|V(r,0) = R cosf {4 (E) [5cos®6 — 3] - 3}
(untuk r <R).

B, = A, R¥ 1, 3.81

Sementara { J ( )
Sehingga
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Sehingga

Atau

-3kR? 1 8kR* 1

B, = {BkR“/s =3

s 418
et 1 p) Lainnya nol

B, = A R, (3.81)
/

—Pl(cos 8) + ——Pg(cosf!))

| &

lS (?)4 P3(cosf) — 3 (-?)2 P;(cose)] :

5

V(r,0) = g (?)2050 {4 (?)2 [5cos? 6 — 3] —3}

(untuk r > R). Akhirnya dengan menggunakan Persamaan 3.83

diperoleh

o(0)

€0 [3 ( Bk) P, + ( o ) R2P3] = ok [ —9P) (cosf) + 56P3(cos8)]

B, = A;R¥T1, (3.81)
- .
(af/c"“ - ",V'“) = ——0y(6). (3.82)
ar ar J|,—g €0
Thus
1
—Z(1+1) H_ng(cosG) IZIA;RI lﬁ(cosa)_——oao(a)
0
s 1
S @1+ DART P(cos8) = —op(6). (3.83)
€0
=0
o0

€0 » (2l + 1)A,R"" Pi(cosf) = €o [34, P, + TA3R*Ps)

=0

5R S5R3

559;;- [—Qcoso ks 5?6 (5cos® 6 — 3cos€)] = % cosf[—9 + 28 - 5cos® 6 — 28 - 3]
Eok
=5 ¢? (140 cos® 6 — 93] .
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CATATAN

cos 20 =1-2sin’a

cos 3o = 4 cos’a. - 3 cosa,

cos 4o = 8 cos*a. - 8 cos?o + 1

cos 5o = 16 cos°a - 20 cos o + 5 cosa

cos (o = B) = cosa cosP -(x) sina. sinf

The first few Legendre polynomials are listed in Table 3.1.

Po(x) = 1

Pi(x) = «x

P(x) = (3x*—1))2

Pix) = (5x>—3x)/2

Pax) = (35x* —30x2+3)/8
Ps(x) = (63x°>—70x3 4+ 15x)/8

Table 3.1 Legendre Polynomials
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